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( $0$ ) $\mathrm{K}$ . $\mathrm{K}$ ( ) $V$ K-
$A$ ,
$\Phi$ : $Varrow V\otimes A$ .
$\Phi$ , $\mathrm{T}\mathrm{r}(\Phi)$
$\mathrm{T}\mathrm{r}(\Phi)=j\sum_{=1}\Phi_{jj}$








$V\otimes Arightarrow f\otimes 1W\otimes A$.
(1) $\Phi(\mathrm{K}\mathrm{e}\mathrm{r}f)\subset \mathrm{K}e\mathrm{r}f\otimes A$ ,




Corollary 1.2 (Euler-Poincar\’e Principle). ( – ) $d^{i}d^{i-1}=$
$0$ .
. . . – $V^{i-1}$ $\underline{\mathrm{r}X^{i-1}}$ $V^{i}$ $\underline{d^{i}}$ $V^{i+1}$ – . . .
$\Phi^{i-1}\downarrow$ $\Phi^{i}\downarrow$ $\Phi^{i+1}\downarrow$
. . .
$-V^{i-1}\otimes A-arrow d^{i-1}\otimes 1V^{i}\otimes A\overline{d^{i}\otimes 1}V^{i+1}\otimes Arightarrow\cdots$ .
$\Phi$ ’ $H^{i}(\Phi)$ : $H^{i}(V)arrow H^{i}(V\otimes A)=$




.(Krollecker ) . $\Phi$ : $Varrow V\otimes A$
$\Psi$ : $Warrow W\otimes A$ ,
$\Phi\cross\Psi$ : $V\otimes Warrow V\otimes W\otimes A$
$A$ . , $V$ $W$ $\{v_{i}\}$ $\{w_{j}’\}$ $\Phi$ $\Psi$
$(\Phi_{pi})$ $(\Psi_{qj})$
(1.1)




. , $-$ .




2. Koszul complex: Koszul ( de Rham )
.
$P_{n}$. $n$ $\mathrm{K}[x_{1}, x_{2}, \cdots, x_{n}.]$ , $\Lambda_{n}$ $e_{1},$ $e_{2},$ $\cdots,$ $e_{n}$
( $e_{i}$ $x_{i}$ $dx_{i}$
, ). (
) $\Omega_{\ovalbox{\tt\small REJECT}}=\prime p_{n}\otimes\Lambda_{n}$ . $\Omega_{n}$ $P_{n}$ $\Lambda_{n}$
. $P_{n}^{k}$
$\Lambda_{n}^{l}$ . . degp $\deg_{\Lambda}$ .
$\Omega_{n}^{k,\iota_{=}}’ \mathcal{P}_{n}^{k}’\otimes\Lambda_{n}^{l}$ . $n$ $\Omega^{kJ}=\Omega_{n,}^{k,l}$
.
3
$\Omega_{n}$. $d$ $d^{*}$ :
$d= \sum_{=i1}^{\eta}’ e_{\dot{\varphi}}.\partial i$ , $d^{*}= \sum_{i=1}^{n}xi\rfloor_{\dot{\prime}}.\cdot$
$e_{i}$ $x_{i}$ , , $\partial_{i}$ $\rfloor_{\mathrm{i}}$
.
( ) :
$\partial_{i}x_{j}-X_{j}\partial i=\delta i.j$ , $\rfloor_{i}e_{j}+ej_{\mathrm{J}^{1}}i=\delta ij$ .




, , Koszul .
$K_{N}$ : $0arrow\Omega^{N,0}arrow d,$ $\Omega^{N-1,1}arrow d$. $...arrow d\Omega^{0,N}-arrow 0$ ,
$K_{N}^{*}$ : $0arrow-\Omega^{N,0}arrow-d^{*}\Omega^{N-1,1}arrow-d^{*}$ .. . $arrow-d^{*}\Omega^{0,N}arrow-0$ .
(2.1) , $N=0$ (exact) .
K-algebra $A$ . $d\otimes 1,$ $d^{*}\otimes 1$
$A$ trivial , ,
$d,$ $d^{*}$ . .
, :
(2.2) $d(\varphi\psi)=d\varphi\cdot\psi+\varphi\cdot d\psi$ , $d^{*}(\varphi\psi)=d^{*}\varphi\cdot\psi+(-)^{\mathrm{d}}\mathrm{e}\mathrm{g}\mathrm{A}(\varphi)\varphi\cdot d*\psi$ .
$\varphi,$
$\psi\in\Omega_{n}\otimes A$ .










3. $U(\mathrm{g}\mathrm{l}_{n})$ : $\Omega_{n}\otimes U(\mathrm{g}\mathrm{l}_{n})$ ,
$\Omega_{n}$ $U(\mathrm{g}\mathrm{t}_{n})$ . Lie \mbox{\boldmath $\sigma$}
( ) $E_{ij}$ , $u$
$E_{ij}(u)=Eij+u\delta ij$
. $\Omega_{n}\otimes U(\mathfrak{g}\mathfrak{l}_{n})$ .
$\eta_{i}(u)=\sum \mathrm{P}^{=}1x_{p}E(piu)\in P_{n}\otimes U(9^{\mathrm{t})}n\subset\Omega_{n}\otimes U(_{\mathcal{B}}\mathrm{t}_{n})$
,
$\omega_{j}(v)=\sum_{1q=}^{n}e_{q}E_{qj()}v\in\Lambda_{n},$ $\otimes U(\mathfrak{g}\mathfrak{l}_{n})\subset\Omega_{n}\otimes U(9^{(_{n}},)$ .
Lemma 3.1.
(1) $\eta_{i}.(u-1)\eta j(u)-\eta_{j}(u-1)\eta i(u)=0$ ,
(2) $\omega_{i}(v)\omega j(v-1)+\omega_{j}(v)\omega_{i}(v-1)=0$ ,
(3) $\omega_{j}(u)\eta_{i}(v)-\eta i(u)\omega\prime j(v)=x_{j}\omega_{i}(Z)-\eta_{j}(Z)ei$ .
( $u,$ $v,$ $z$ ) .
$r$ $I=(i_{1}, i_{2}, \cdots, i_{r})$ $1\leq i_{k}\leq n$ (
$r=|I|$ ). $x^{I_{=}}x_{?}.\text{ }x_{i}\cdots x_{i_{r}}2$ $e^{I}=ei_{1}e_{\dot{x}_{2}i_{r}}\ldots e$ $arrow$
. $\mathfrak{S}_{r}$





, Lemma 3.1 (1) (2)
(3.3) $\eta^{(I^{\sigma})}(u)=\eta((I)u)$ , $\omega^{(I^{\sigma})}(v)=\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)\omega((I)v)$ .
$E(u)^{PI}:x-,$ $\eta^{(I)}(u)$ , $E(v)^{\Lambda}:e^{I}rightarrow\omega^{(I)}(v)$
well-defined .
$E(u)^{P}$ : $P_{n}arrow \mathcal{P}_{n}\otimes U(\mathrm{g}[_{n}),$ $E(v)^{\Lambda}$ : $\Lambda_{n},$ $-arrow\Lambda_{n\text{ }}\otimes U(9^{(_{n}}.)$ .
. , $E(u)^{\mathrm{p}^{k}}=E(u)^{\mathcal{P}}|\prime pk$
$E(u)^{\Lambda^{k}}=E(u)^{\Lambda}|$ .
$E(u)^{P}$ $E(u)^{\Lambda}$
$E(u)^{P}\cross E(v)^{\Lambda}$ : $\Omega_{n}arrow\Omega_{n}$. $\otimes U(9^{(_{\eta}}.)$ ,
$E(v)^{\Lambda}\overline{\cross}E(u)\mathrm{p}.\cdot.\Omega_{n}arrow\Omega_{n}\otimes U(_{9n}()$ .
. , $d$ $d^{*}$
. , $d\eta’(u)=\omega_{i}(u)$ $d^{*}\omega_{j}(v)=\eta_{j}(v)$ , $d$
$d^{*}$ (2.2) , , $d\eta^{(I)}(u)$
$\eta_{i_{1}}(u-r+1)\cdots\eta_{i_{p1}}-(u - r+p - 1)\omega_{i_{\mathrm{p}}}(u-r+p)\eta?_{p}..+1(u-r+p+1)\cdots\eta_{i_{r}}(u)$
1 $\leq P\leq r=|I|$ . ,
$\omega$








$\mathrm{x}E(u-k)^{\Lambda^{l}}$ : $\Omega_{n}^{k,l}arrow\Omega_{n}^{k,l}\otimes U(\mathrm{g}[n)$
$E(v)^{\Lambda^{l}}\check{\mathrm{x}}E(v-l)^{p}k$ : $\Omega_{n}^{k.l}arrow\Omega_{n}^{k,l}\otimes U(\mathfrak{g}()n$
Koszul $d$ .
Theorem 3.2*.
$E(v-l)\mathrm{p}^{k}\cross E(v)^{\Lambda^{\iota}}$ : $\Omega_{n}^{k,l}arrow\Omega_{n}^{k,l}\otimes U(\mathrm{g}\iota_{n}\rangle$
$E(u-k)^{\Lambda^{l}}\check{\mathrm{x}}E(u)^{\mathrm{p}^{k}}$ : $\Omega_{n}^{k,l}arrow fJ_{n}^{k,l}’\otimes U(\mathrm{g}(\eta,)$
Koszul $d^{*}$ .
$l=0$ $k=0$ , (\S 1 ) Kronecker
(1.3), (1.4) .
4. $U(\mathrm{g}\mathrm{l}_{n}.)$ Wronski : Theorem 32 32* Lemma 13
Lemma 2 – .
Theorem 4.1. $N\geq 1$ .
(1) $. \sum_{k=0}^{N}(-)^{k}\mathrm{T}\mathrm{r}(E(u)^{\mathrm{p}^{k}})\mathrm{T}\mathrm{r}(E(u-k)\Lambda^{N}-k)=0$ ,
(2) $\sum_{l=0}^{N}(-)^{l}\mathrm{T}\mathrm{r}(E(v)^{\Lambda^{\iota}})\mathrm{T}\mathrm{r}(E(v-\iota)^{p}N-l )=0$ ,
(3) $\sum_{l=0}^{N}(-)^{\iota_{\mathrm{T}\mathrm{r}}}(E(v-l)^{\mathrm{p}})\mathrm{T}\mathrm{r}N-\iota(E(v)\Lambda^{\mathrm{t}})=0$,
(4) $l_{\text{ }},= \sum_{0}N(-)^{k}\mathrm{T}\mathrm{r}(E(u-k)\Lambda^{N-}k)\mathrm{T}\mathrm{r}(E(u)Pk)=0$ .
(1) (4), (2) (3)
. $\mathrm{T}\mathrm{r}(E(u)^{\mathcal{P}})k$ $\mathrm{T}\mathrm{r}(E(v)\Lambda^{t})$ $U(\mathrm{g}\mathfrak{l}_{n})$ ,
7
. – (1) (2) –
.
$\mathrm{T}\mathrm{r}(E(u)^{\mathrm{p}^{t:}})$ $\mathrm{T}\mathrm{r}(E(v)\Lambda^{1})$ , .
$r$ $6_{r}$ . $-$ $I^{\mathfrak{S}_{r}}$
, 1 $\leq j_{1}\leq j_{2}\leq$ . . . $\leq j_{r}\leq n$ – $I^{\mathrm{b}}=$
$(i_{1}, i_{2}, \cdots ,j_{r})$ . $I^{\mathrm{b}}$
. $\alpha=(\alpha_{1},$ $\alpha_{2},$ $\cdots$ , \alpha
. $\alpha=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{n})$ $r=|\alpha|=\alpha_{1}+\alpha_{2}+$
... $+\alpha_{n}$ $I_{\alpha}$ , $i$ $i_{\alpha}$




$\alpha!=\alpha_{1}$ ! $\alpha_{2}$ ! $\cdots\alpha_{n}!$ . $e^{\alpha}$ $\alpha_{\mathrm{P}}$ 1
$0$ . , $\{x^{\alpha} ; |\alpha|=k\}$ $\prime P_{n}^{k}$
, $\{e^{\alpha} ; |\alpha|=l., \alpha_{P}\in\{0,1\}\}$ $\Lambda_{n}^{l}$ .
, $\alpha,$ $\beta$ , $n\cross n$ $A$
$A^{\alpha\beta}$ , ( $i$ , $A_{ij\mathit{0}}^{\alpha/j}=A_{i_{\alpha}j}$





$E_{p\#}\langle y\beta(u)--E\alpha\beta+1^{\alpha\beta}\cdot(u-\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(r-1, r-2, \cdots, 1,0))$
$E_{\Lambda\#}^{\alpha\beta}(u)=E^{\alpha\beta}-1^{\alpha}\beta.(u-\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(r-1, r-2, \cdots, 1,0))$
. , $\alpha,$ $\beta$ $r=|\alpha|=|\beta|$
.
8
$(\text{ }.)$ $A$ $r\mathrm{x}r$ $A=(A_{\dot{\tau}j}.)ir,j=1$ ,
per
$(A)= \sum_{6_{r}\sigma\in}AA2\ldots A\sigma(1)1\sigma(2)\sigma \mathrm{t}r)r$’
$\det(A)=\sum_{r}\sigma\in 6\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)A1A2)2\ldots A\sigma(1)\sigma(\sigma(r)r$
.
. $E(u)^{\mathrm{p}^{k}}$ $E(u)^{\Lambda^{k}}$ ,





. $E(u)^{\mathrm{p}^{k}}$ $E(u)^{\Lambda^{k}}$ ( )






$D_{k},$ $=D_{k}(\mathrm{o}),$ $C_{k}=C_{k},(0)$ . $C_{k}$ Capelli element ,
$D_{k}$ Nazarov [Nal] . $D_{k}(u),$ $c_{k}(v)$ $U(\mathfrak{g}\mathfrak{l}_{n})$
, [U3], [U4] . $\det(E_{\Lambda}\alpha\alpha(\mathfrak{h}v))$ $\alpha_{p}>1$
, $C_{k}(v)$ $\alpha_{p}=0,1$ $\alpha$
. $D_{k},(u)$ $C_{k}(u)$ $\triangle$. $D_{k}(u)=(n+k-1)Dk,-1(u)$
$\Delta C_{k}.(u)=(k-n-1)C_{k-1}(u)$ , D $C_{k}$
$u$
$D_{k}.(u)=r= \sum_{0}^{k}.u^{(r)}D_{k-r}$ ,
$C_{k}.(u)= \sum ku^{(r)}C_{k-r}$ ,
$r=0$
9










, – . ,
$C(u)=(C(u)_{i}.j)_{i}^{\infty}’.j=0$ $D(u)=(D(u)_{ij})_{i,j}^{\infty}=0$
$C(u)_{ij}=(-)\cdot?-iC_{j-}i(j-1-u)$ , $D(u)_{?.j}=D_{j-i}(u-i)$
( , $k<0$ $C_{k}(u)=0$ $D_{k}(u)=0$ ),
(4.1) $D(u)C(u)=1$ , $C(u)D(u)=1$ ,
, . , ,
. (4.1) ,
.





















, $C_{k}(u)$ $D_{k}(u)$ .
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